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84.20 A formula for integrating inverse functions

The derivative of an inverse function is given in calculus textbooks (see,
for example, [1]) by the formula -

(f-l)’()’) — 7«% wherey = f(x).

Wouldn't it be useful also to have the integration counterpart? In fact, as
far as we know, there is no calculus textbook that lists such a formula.
Hence, the integration of inverse functions or expressions containing them
can represent a problem to mathematics students, as it implies exceptional
memory or the availability of integral tables. Here we deduce a simple
theorem for integrating inverse functions based on a change of variable that
does not require prior knowledge of their antiderivatives. Namely, if the

function y = £ (x) has the integral [f (x) dx, its inverse function x = f~! §))
can be easily integrated with the formula

[rovdy = x® - [fax.

The proof of this theorem is straightforward. Let the function y = f ()
and the differential dy = f”(x)dx be substituted in the integral

[ ovdy = [ @) @dx
to obtain
[Flovdy = [x @ax.
This expression can be integrated by parts to yield the required rule
[ orydy = 2/ - [ dx.

To appreciate its power, let us take, for example [ cos™'xdx. Firstly,
we introduce the change of variable x = cos(y) withdx = — sin(y)dy, and
then proceed:

1

I cos™! (x) dx

ycos () — [ cos(y)dy

Icos'l (x)dx = ycos(y) — sin(y) + C.

By changing back the variable, and recalling a familiar trigonometric
identity, we obtain

Icos"l(x)dx =xcost(x) - V1 -2 + C.

This procedure is not new (see [2]), as mathematicians seem to invoke it
unconsciously when they need to integrate an inverse function of unknown
antiderivative (see, for example, [3]); it is essentially a subtle substitution
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before integrating by parts; but because of this simple origin, it has not been
formally stated, and thus newcomers have to discover it for themselves,

Finally, the present approach can be extended 1o integrate more
complicated expressions containing inverse functions such as

d A
[FO oMy = FGre, 0f @ = [f@F (1, xd
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